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A b ~ a e !  

A new metric which we call the "intrinsic memr is introdu~xt on the s~ates f f  off l~ 
generalized logic of quantum mechanics. It is shown lfiat every, / automorpMsm on .9 ~ is 
a n  isometry. A norm can be defined on the linear ~-an ~' of ~r which reduces to t~e 
intrinsic metaS~c on S~. If X is the completion of E then e~4er) a~tomorp, hism v~ 6 " f ~  a 
~ _r~.'~ue e~tension t~ a tinem" isometry on 2". A comparison {~ s , : ~  be_.tw~e_-, ft.,aerie resu~-.s 
~ 1  ffm~se of N. Ka-~,~fd. "~ 

L lk~roducti.~m 

In  a recent paper  N.  K r o n ~  (I970) ~rt~od,~ce~ a metriC p on the Se't o f  
states Sr f o r  a quan tum system which he ;" '~" " _ ~a~,,, , ~  ~natural met ric'~ He 

s h o w s  that  p ~ n  be extended to a norm on the closed linear span X 0f  5~'~: 
and  then at tempts to show that  any automorph~sm o f  5" can be ex.f~ded 
to  a cont inuous  unit normed linear ol~erator on Z. Using this ]ast ~esult 
he is able to prove the ex is ten~ , , r ~ , ~ . ,  ..... -,;~ - , , ; , , ~ , ~ ; ~ - ~  ~ ~bs~racl: 
scattering theory  (Kronfli, t969). Unfortunately there seems to be a .gap  
in one o f  these proofs which leaves the validity o f  these results in question, 

After  discussing Kronfli 's  results, we introduce a different-metric, t~he-- 
' intrinsic metric ' ,  which we feel may  be o f  mere  phys!cal significance tha~:  
the natural  metric. We then pre~e stronger results than Kronfli 's in !erm~ : 
:of the intri.nsic metric. 

2 .  Kronfli' s Results 

Fol lowing Kronfli  we let .Lr denote the or thomodular  a-lattice c0rre- 
spond{ng t a  the generalized logic o f  a quan tum sys tem/We denote the s ~  
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r ( ~ o ~ )  .~.a*es m~ ~" by ~ .  The n,a~n'al metric o~: .9 ~ ~s defined b y  
tgP, q) = ~uP{lP(a) ~ qfa}I : a e .S~, p, q e c c~ Th e  proof o f  lhe following 
lemm~ is-~im~qm *o part  o f  KronfiF~ Theorem 3.2 (Kron/ii, i970) except. 
ours is more complete since we j~sdfy the interchange o f  the limit arid 

l~mnma 2A : (SO, p) is a complete metric space. 

P~mf: It  is clear ~hat (S#, p) is a metric space. To  show co mpletea~ess let 
p~ be a Czuchy ~qner~x.e. Then p~(a) is a real Couch3, sequence for any 
a e ~ a~d h~nce cem~erges to a n m-nberr p(a). Clearly p(1) = 1 and p(a) > 0 
fo r  all a ~ ~:. To  prove cotmatabtr add{ t~ ty  e, f p  let a~ be a disjoh~t sequer~ee 
in .g". New 

p(V a~) = limp.AV a)  ~- tim lirn ~ p,(a~) 

We now show that  

~ p.,(@ 

exists uniformly in  j .  Let e > 0. Then there is an integer :v" s '~h ti~at 
k I c o n  implies !p,(a)-p~(a)l < # 3  for all a e .g ' .  Let M be an integ~ 
~ h  i~at ,~. > M implies 

ta  ' p~(a~) - PA aO! < -~ fr~:~..J = i , Z ~  . . . . . .  . N 

Now for  n > M, j > N we have 

":~ ! 
-+  v~.(a,) -p,~(v a,)i + ~p.,,(\/ a,) - p , U  a,'~I,, 

8 g 8~ 

Using a standard theorem (Dunford & Sehwa~z, !958, page 28), we c a n  
interchange limits to obtain 

p(V a,) = Iim lira ~ pa(a~) = ~ p(a~) 

Thus p e ~ .  To show p~ -+  p in the p metric let k -+ ~ in the inequaiiiy 
]p~(a) --pk(al[ < #3  for atI a .-  = ~ , / ,  k > N. 

Let  X~ der,.ote the set o f  signed measure~ on s and !et Y_~ .Y~ be the 
dosed linear span of  SC Define a norm on X~ as folIows: 

{b,71] = sup {p(d): a e .g~; + sup (-p(a):  a ~ s 



Kronfti shows tha~ (X~, i~qi) is a B ~ a ~ ,  sp~.ce ~nd S ,~ ~s ~ d o ~ d  cow, vex 
subset e f  X~ witt~ the-norm inducing the r~a~urai metNc. T~e Banzcl~ 
Nm-ce (X,!['[i) is cal[ed ti le space o f  generalized stoles~ I f  we define Ne  
partial ordering p<q  w'hen,~z~er p(a)<q(a) for all ~ e ~  tbe~ h ~ 
easily seen (Kronfli, 1970, Theorem 42)  float .:g is an ordered Bam~.ch s p a ~  
with closed, normal,  pos~ive cone C = {p ~ X: p ~,- 0}. Howe;,~er, it. is ~ow 
erroneousb'  ~ c l u d e d  that C has nonempty imerior. We now show tl~a~t 
t N s  need ~ot  be the case and, in fact, is never the case for  mos~. qu~mum 

set o~ ~s said to be _~q~cienz if for e~ery 0 ~ a e.s there exists p =_-..~ 
~ h  th f i i / r ( a )=  i ;  .~ is order determining if  p(a) <p(b)  for all p e S ~  
hnplies a ~; b .  in q~anram mechanics 6 ~ is usually suNcient or order 
dete,~in~r~g or  boIh (Mackey, 1963; Varadarajan, !968; Jaach,  1968;_ 

"d Guo  et, 1970). In par t i cu l~  for the  u s ~ l  Hilbert space quantum me.:l~ 
anics, 6 ~ is sttffick~_X ar_,d order detcwmining. Also, excetrt for very zJ-mp!e 
finite systemssuch as those i~ whic~ ~ l y  spin is c,~nshtered, the generalized 
logic ~ has an infinite disjoint sequence. 

Lemma 2.2: If.L.q' has an infinite disjoint sequence m~d .W ~s suffie~e~ ~r 
o N e r  determining, then the cone C ~n (X, Ii'i!) has no intender pN~ts. 

Proof :  I f  x ~ G lhe~ .v is a non-negative bounded measure on 2 ' .  L ~ 
a ~  0, i---- 1, 2 . . . . .  is a~ infini~e dMoint sequence, since ~r(V a~) = ~ x(a~) 
< ~ ,  we- must have x ( a , ) ~ .  0 as i --~ ~ .  "i~ us for a n y e > 0" t.~ o ,  u,~r~ Is 0 r a e L-~' 
such that  x(a) < ~/2. Now suppose 9 '  is sL~c~e~' "Then ~here is a q F. S# 
such that q ( a ) - - I .  Let y = x - e q .  Then y e X ~  No~ y~,a)=x(a)-eq(a) 
< -e l2  so y r C and yet fix - y][ = i]r.qll = e. Thus x is net an imer~er point 
o f  (7. Next suppose 9 '  is order dote.training. Then there is a p ~ S e st~ch tha~ 
p (a ) :~}  since if r(a)<.[ for att r s S #  we would have r(a'))�89 for a!l 
r e ~ and a < a '  WNch is impossible~ Now z = x - r  s X but z(a)= 
x(a) -- ~p(a) < (~/2) - (e/2) = 0 so z r C. Again !:x - zli = llepi! = e so x is 
not an interior t~oint of  C. 

Since Kronfli 's Theorem 4.2 has a gap, the vMidity of  his Theorem 4.3 
which states that every A e A u t ( ~ )  can be extended to a unit n o r m ~  
linear operator .3  on X, is unresolved; .Also b~is Theorem 3.1 (KronflJ, 
1969) which relies uponTheorem 4.3 is now unproved. 

We now give a sufficient condition under whict~ Kronfii's main results. 
are valid. An automorphism A ~ Ant(.., a ')  is im.Semented if there is an 
automorphism ~ ~ A u t ( ~ )  such that (Ap)(d) = ?(o~a) for all a ~ _~. In Me 
usual Hilbert .space quantum mechanics every state automorphLcm is 
implemented. 

Lemma 2.3: I f  A ~ Aut (So) is implemented then A has a unique extension 
to an isometry of  X onto itself. 



~o ~ .  

�9 Proof: We extend )l b y  ti~e.ariiy 1~ the linear span Eof.9"  and deno~  t~ .  
,x~ ~rt!.~a~. by A alvaoN~w it is e a ~  to ~ thai every' e|emerrt o f  E has tfi~ 

�9 + ~ p  { ( ~ q )  ( a )  - (~Ap) (a) :  a e -q3 

= flxiL 

so d is an i some t ~  ~n  F~Tbe ~ t  c~f~e Frooi" is now easily carried out. 
Unforlunatety one can give examples of sta~e automerph~sms ~hat ~re 

not  implemented so I .emma 2.3 is not universally app~ic~ab!e. 

- 3.-- The Intrinsic ~etri,~- 

I fp ,  p~ e ,9' andO < 2 < 1 then (1 - 2 ) p  + 2pl r e p ~ n t ~  z mi.-,.~re o f p  
a n d p l  with (1 - 2) parts p and 2 parts-p~. If  p, q e Sr are "nearly the ,a~J~C 
one might expect to be able to obtain p from q (and q from p) by mixing q 
vA*~ e small amount  of  some other state. Conversely, if there exist p~, 
qt  ~ "~ a~_d a smaii ~aumber O < 2 ~_ ~ such that (1 - 2)p + ).p~ = (t -- 2)q + 
;~q~ ther~ p a n ' . J , q . ~  dose h~ some sg:nse. ~ d  the parameter  2 is a measure 
rff4~heir di..~tan~, zparL Motivated by d'.,e a~_~:~, - ~  ~4efine 

Notice, since �89 +�89 = �89 + {p we have 0 < . ( p . q )  < {. It  turns om to ~, 
more convenient to make a change of  s~.!e a~d defi~:e z~e distance betwe, n 
p and q by d(p,q)  = g(p,q)[1 - a(p,q)]~"L so 0 < d(p ,q)  < I. 

Lemma 3.1 : ~  and d are metrics on 5P and 1:P(P,q) < trfn,~.,~a). < dfp,q) .  

P r o o f :  I t  is clear ~hat tr "and d are no~-negatNe, symmetric a:~d that 
er(p,p) = d(p ,p)  =-- 0. I f  ~(p,q) = O, there exis~ )~ -~  t3, p~, q~ ~ ..Y' such that  
(1 - 2,)p + 2tp~ = (1 - 2i)q + 2~q~. i r a  e 5 ~, then 

[p(a) -q(a)  l < l,hllp(a) + q:(a) -p,(a) . q / a ) l  < 412,[ ~.-0 as i - ~  

Hence p(a) ~ q(a) and ~ = q. I f  d(p,q)  = 0 then a(p,q)  = 0 so p = q. To 
prove the triangle inequality suppose 

and 

Letting 

a n d  

22< I and .(1 - 2 0 g  + 21P,. = (I - 2L)s + 21 s~ 

(1 -- 22 ) s+  22s2 = (! - 2~)q + 22q~ 

G =  (2,_ ~+ 22 --22~ 22)(1 -.2~ 2~) - t  

~-~ = ~-.~0. - ,L)~).,_ + )., - 2 &  . z W '  



w ,  ~ that 0 < ).o, k3 < ! ~nd aft,.~ some algebra we find 

0 " - ~ ) P  + • [ ( |  - -  G)P~ § z-3 ~21 ~ ( l  -.  ~ ) q +  2,o[(I -~- ~)s~  + ~,ff,] 

: H t t ~  
~ , e { 0  < ~ < 1: (I - : ,)p + ~Ir = 0 -- ~ )q §  ).t, r, t E ~  

:,~tha~ L~(1 - L~) -~ = G ( 1  - ) .3  - ' t  + ~.2(I - kD - t  w~ h a v e  d~,q) < d(p: )  + 
d(~,q) fo r  aH i0, q, x a 5g. The triangie inequality for ~ l%llows in a similar 
way using ~ e  fact that 3-o < ~ + 22. ~inally for a n y ,  > 0 there exists 
0 < i < J and Pl,  ql E 5e such that (I - k)p + 2p, = (1 -. k)q + Aqt and 

- L -  . e(T4q) < ~ < e(p,q)  , *. Then for  any a E ~ ,  

- Ip(a)  - ~ (a)t --- i xr,(~) + z g ~ f a ) -  ~ ,  (a)  - :* (~) i  < 4 ; -  < 4 ~ ,  , )  + 4~ 

Hence p(p,q) < 4o~p,q). 
We call d the intrinsic mettle fo1,9'. This metric is physically motivated 

and is determined by the geomeL~c structure o~ ~ ~ates M9ne w ~ o ~  
~!~mg on the particular form the sta~ez ~a!:eo As we shah s~ee, this metric 
Ixa~.si~ificant regularity properties as far as amomo~'phisms on ,9" are 
concemeck L-_: a ,o the r  paper the author plans to compare this m e ~ c  with 
other commonly u~ed metrics. In particular we shall show that the intrinsic 
metric is r to the trace metric used by Jauch, Misra & Gibson 
(1968) in their latest st~dy of  scattering t h e o ~ s  

�9 fLemnuz 4 ~ :  1~ A ~ A u t ( . 9 ' ) ~  "~ ~ an  i somet~ in the: metric spaces 

Iroof: Forp, q ~ ~9 ~ we h~vr 

= ~ { 0  < ;. < l :  a [ 0  - ~ )p  + ~ p , ]  = A[( i  - ;.)q + : ~ d ,  p , , ~ ,  ~ ~ }  

= inf{O < .i < 1: (I - -  2) Ap + kAIh = (I -- 2) Aq + kAq~, .p~, q~ e .9 #} 

= inf{O < k < 1 : (1 - 2)Ap + 2p, -- (1 - 2)Aq + :4,,  P,,q, ~ 

= a(Ap, Aq) 

I t  follows that d ( p , q ) =  d(Ap, Aq). 

As before we let E be the linear, span o f  5~. Now every x e E admits a 
representation x = cp - dq wherec, d >  0, p, q ~ .9 ~'. Define 

Ix[ = inf{max (c, d):  x = cp ' -  dq; c, d > 0:  p, q ~= 5*'} 

Theorem 3.3: (E, I 'D is a normed 1/near.space.such that iP - q [ = d(p,q) 
for allp,  q ~ 5". 

Proof: Clearly ]x[~O,  lOI =0 .  To show [~.x[=!~l]x i for all ~ a R ,  
x e E we consider two cases. I f  ~ > 0 then 

I~txt = inf{ma.~ (e, d): ~x s  - dq; e , d >  O; p,q ~ ,9} 

= inf{max (~c, ~d): x = cp - dq; c, d >  O; p,q ~ ~ }  
- - : , k !  = 
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I f ~ < O  ther~ 

i~c] =, inf{max (c, d ) :  ~x = cp - dq ; c, d >  O ; p,  q s ,~} 

--  inf{max (-~c,  --m/):  x = dq - cp ; c, d > O; p, q ~_ S~ } 

= N N  

T o  prove the triangle inequality, suppose xi ,  x~ e L  l f x ~  = c~pl - d l q l  
and  x 2  = c:~pz - fi:Pa"then we have 

xl + x~ = (c~ § e~) [c,(c, + c~r"v ,  ~ c~(c, + c W i ~ ]  

where the expressions in square brackets are in Sr Then  

ix~ + x=] = inf{max (c, d): x t  + x~ = cp - dq; c , d  ~ 0;  p,  q a. S~} 

< inf{max (ca + c z ,  d~ + d 2 ) :  x~ = c~px --d~q~; 

in f (m~(c~ ,aa~  ' mzx(c~,d~): x l  = cxpx - d lqt ,  

xz  = c.~pz -dzq._} 

= inf{max (ct ,da):  x l  - q P t  --  a'lq~; cl d~ ~ G, 

/hq~ ~-6r + inf{max (c~;~) :  x , = c ~ p : - d ~ q ~ ;  

We now show ]p- -q[ - - - z l (p ,q )  for  mq p, qsSr  I f  p - q = c p x - d q x ;  
c, d >  0 ;  p~, q, ~ 6~ then 0 = p(! )  - -q (1)  = cp~(1) - dqx(l) = c -  d. Hence 
a l l representat i0ns  o f  p - q are o f  the form p - q =  c(pa - qt) for  c Z~ O; 
pl~ q~ ~ 6 ~'. N o w  

o(p ,q )  = inf{0 .< 2 < I : (I - . 2 ) p  + 2p~ = ( l . -  2)q + ;q~, p:,q~ ~ 5~'} 

= Lnf{0 < 2 < 1 : p  - q = 2 ( 1 -  2) - I  (qt -P~) ,  P~,q~ ~ 6a} 

= baf{c(c + 1) -1:  c > 0;  p - -  q = c(q~ - p~); p~, qt ~ S'~ 

= inf{c ~ 0 : p  - q  = c(q~ - p : ) )  [inf{c ~ 0 : p  - q = c(q~ - p ~ ) )  + I] - I  

= ] p - q l I l p - q !  + l] ~ 

Hence p ( p , q ) = ~ ( p , q ) [ t - a ( p , q ) ] - ~ = [ p - q l .  We next show that  
! Pi = 1 for  all p s 6 a. Ir~deed, if p = cpi - -  dq~; p~, q~ ~ S/'; c, d .~ 0;  then 

.I = p ( 1 )  = c - d .  Since d > 0 ,  we have c ~  1 so IP[/> 1. B u t p = p - O q  so 
[//1 = 1. Finally suppose ix[ = 0 and x = c p -  dq. T h e n  

0 =Ixl  = lc -dq[ > lt pl- l qiJ = l Ipl- dlq[l = lc-dl 
so c = d. Hence 

O -  [xl = c l p  - q l = c d @ , q )  



Part  o f  Theorem 3.3 could be pr~ved more easily by noting that l'i Js 

absorbin~ seI D = { c p - - d q : O < e ~ d . < l ; p , q ~ s  However, ovr  
l~ 'oofis ~ndel~'mflent o f a  krmwtedge of  Mi~kowsfii fmxctionals. 

I f  we let X t r  the completion o f  ~_e me~ric space (Klol) then (X~i- i) is 
the Ban-~'vh space of  generalized statez. 

Theorem 3A: I f  A ~ Am(,9") ~hen A b~s a tmiqtre extension to  a Ii~ez~' 
isometry A7 on (X, !-!)- 

Proof:  We show that  A has a unique extendm~ to an isometry on (E, N) 
and since E i s  dense in X t h e  result will follow~ Now a n ~ _ x r  a 
representation x = cp -- dq; c , d ~  0; p ,q  ~ S ,~ Define Ax = cap  - dAq. 
To sfiov: )~ is weft-defined suppose also that  x = qp~  -- d~qa; c~, ds ~, 0; 
pv, q , ~ S P .  Then c - d = x ( 1 ) = c ~ - d ~  and hence (notice that c ~ + d ,  
~ +  d~ > 0 unles~ x = 0 ~ which case the result is trivial). 

r + a~)-~~ + dAe + d,) -~ q: = ~ e ~  + a)-~p~ + d(e~ + d)-~ q 

T h e n  

c(e-;~ ~ ) - ~  A ~  4 ~ c  + d Z  ~ Aq,. = cdc~ ~ ~ ~ ~ ~?~ - ":(~~ § 4)  Aq  

I t  follows that  cAp - dAq = ca Ap~ - d~ Aq, a~d ~ is we!l-defined, teSmat~y 
for  x ~ .Ewe have 

!x! = inf{max (c, at): x = cp - dq; v, d > O; p ,  q ~ 5r 

= inf(raax (c, d) :  x = cA-~p  -- dA "z q; c, d ~ 0; p, q ~ S~j 

= inf(max (c,d):  2 x  = c p - - d q ;  c , d >  O;p, q z  St'} 

It follows from ke_,v_m~ 3.2 or Theorem 3.4 that if we definer.he asymptotic 
condition in terms of  t he  int~-insic metric d then Kronfii 's Theorem-3z-l- 
(Kronfli, t969) holds for d. Sirice; as mentioned carP, or, the intrinsic metric 
~s equivalent to the trace metric in Hilbert space quantum mechanics, this 
generalizes a resuk of  Jau~:h, Misra and Gibson. 
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